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Key Quantities in Multibody Dynamﬁcs

Equations of Motion
N- AtW\;""J | 1 'hru" '\'D?"""’
- ~ SqClevas
“‘ ““g'."m,..,.r\, ) M(6)0 +C(0,0) =T "
¢Q.' K iw\"-'wk coordinalty
0 = generalized hinge coordinates Formula Ko
T = generalized forces el e
( m\(,\%umkov\ M(O) = mass matrix ¢ " e o€ o
MMC_N\* C(6,0) = velocity—dependent Coriolis/centrifugal forces
:) W,K,g,,ywuu.
Kinetic Energy = 16°M(0)0  Rowilowens

There is Ilttle structural information about M or C available from this form of
the equations of motion.




ODE  form
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6-dimensional “spatial” quemtities for a rigﬁ body

ity: v

(N c
/spatial veloc- ,V=(w)eﬁ“ spatial force: fh( )c— R

5 (33 i 6x6
spatial iner- M = ( J mp)éz spatial trans- ¢(a,b) = (I (aI,b) )C’ K

tia: —mp ml formation -_ 0
matrix:

velocity V() = ¢*(a,b)V(a) force trams- f(a) & &(a,b) f(b)

transfor- formation:

mation:

Parallel @ M(a) = (s, ))M(b)¢*(a,5) rate of work: V(a)*f(a)

theorem: |
' M i o‘\’l
> ,/ 6 —d?‘ wdos‘ vw&“d’
|6-dimensional equations of motion: MV +V XMV =f

5*4“\;-0.’7 CM : Iw+ O XTew = N L

B p——
-t




Duality Between OBeratm and Computﬁ;'tional

orithms
g O
-6
V(n+1)=0 ,{f)
oo fork m M...1
V=c {V(k)} = $HY = V() = ¢ (k + LK)V (k + 1) + H*(k)0(k)
end loop ( wase- ,N_H‘,\ o k“;}:‘"‘
Operator Ezpression Computational Algorithm
e , wre”
Q_‘V\cc\'\' CQM eQ‘.: ¢ -
R Gam (T 0 ... 0) (H®) o ... 0 )
O v g | @D T 0 g-| 0 HE@) ... 0
.--—-z~ : : e, % ) : : :
has.dod \ $(n,1) ¢(n,2) ... I \ 0 0 ... H(n) )

. -
. b = (T-&p)
where we have thg semi-group property Y pobenct
. — i m o

d(k,5) £ dlk,k —1)--- @i +1,5) for k> j,
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Operator Expression for the Mass Maﬁix

V = ¢*H*0 spatial velocities i
a = ¢*H *Q_ + a] spatial accelerations
f = ¢'[M a+b] inter-body spatial forces
_ IT'=Hf generalized forces

T = H¢i\4/!(<z’)"H* 0 + Hp[Me*a + ) ; MO0 « £(5,6)
C(6,0)

Mats. wahnx Comolts, %wmhpc'
(symm- , pos - dafinia ) Fems

This factorization of M is called the Newton—FEuler Factorization
of the Mass Matriz.




Operator Factorization and Inversion of the Mass
Matrix (38) -

| v@m\ﬂdx w
Newton-Euler Factorization of M Kalwdin felbeninp
M = HoM¢'H" ‘i‘;;“;ﬁﬁfrm
mn—sw {-m,ow)
Innovations Factorization of M Jiagoad N

=[I+HoK|D[I + HpK]* ~ L~ drconpot Fon
v;m-t (owes h-‘o»-’

l ;

I+ HpK|™ = [I - HpK]

Operator Factorization

of Ml _
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Riccati Equation for Articulated Iner&as

A Riccati equation for the articulated body inertias needs to be solved to
obtain the innovations representation

O
e
dscts P*0)=0 ool bedn ;goo
€ iccat fork = 1...N ey :
2 fushe P(k) = ¢(k,k — 1)P*(k - 1)¢*(k, k — 1) + M(k)
A , D(k) = H(k)P(k)H*(k) 3
6)(.) G(k) = P(k)H*(k)D‘l(k) — kalwman @
Tk) =I- G‘(k)H(k) o 20 b’.. 0
P*(k) = 7(k)P(k) g= | T
Y(k+1.k) = ¢(k + 1, k)7(k) Q KGRI
end loop S Qume Shwcture
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Examples of Spatial Operator Identities

HG=1 GH = T, a projection f
TPT* = 7P |
v '—¢ ' = KH
[ — HYK]|H¢ = Hp
SK|[I — HYK] = vK
dMdp* = R+ R+ Rp
YMip* = P+ 9P+ Py
HyMy*H* = D
WH*D 'Hyp = T+ T+ T

i

!
i
!

“There is a large class of operator identities to work with — do not need to rely
on estimation theory!
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Analytical Expressions for Mass Matrix Sensitivities

Spatial operators can also be used to derive analytiéal expressions
for the sensitivities of mass matrix and other quantities:

OM(0)
50(i)

- Ho [ngcpM _ M¢*Hg] o*H*

' l
Such’gradients are often useful for higher order mechanical integra-
tion schemes.
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Diagonalized Dynamics

M (6)0 + C(6, ‘! =T 5
highly coupled

4 bﬂ

N\ Global diagonalizing transformations require that the
with the mass matrix vanish. This is rarely the case.

curvature tensor associated

Use new diagonalizing coordinates 0,v)
0¥ =D — HYK]'fv and € = I — HYK)D-4T
- %
® These smooth diagonalizing transformations always exist.
® The v's are non-integrable time derivatives of quasi—coordinates.
W

® Have closed~form operaﬁ@&sion and computational algorithm for C 0,v).-"
|

) PR
® C(8,v) does@ic work)i.e., 1*C(6,0) = 0. — |ie foro wyid body |

: ) : 140
® This formulation leads to some simple control laws. L

N €0 2 Ivll congpy. 4 )




Special Case: Manipulator with 1 dof rotational hinges

C(0,v) = £jrw — %Vg(é*Mé)]

It can be shown that

%D-%Hz/; £y — AE,—CUP — Pﬂ5—2V*M] W H*D v

1 - 5 3 3
5D-%H«p £\ — AEY, — QP — PSY; — 2V*M] Vv

C(0,v)

‘ll

I

This provides an explicit analytical expression for the Coriolis and gyroscopic
forces vector C(0, v).




M oleua\ory

Compensating Potential for Constrainedl Systems

pom? |
The introduction of hard constraints imduces’“;rors in computed thermody-

O

namic quantities. Need to use a compensating potential ( Fex=an)

P(6) = In {det[M(6)]}

This is straightforward because

In {det[M(O)]}y= In {H D(z)} = Zln {D(i)} i

The forces arising from this potential are computed using the closed form expres-
sions for the sensitivity of D(3).




Compensating Potential Gradient for Constrained
Systems

During simulations we actually need the gradient of the compensating potential

8Ve(6) _ 19Indet {M(8)}

Te(k) = 00(k) 2 00(k)

Using operators, we can derive the analytical and computable expression

Ti(k) = Trace { P(k)Y(k)u(k)}
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